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Abstract
We investigate cancellation, the unit lifting property, and 1 in the stable range for mixed self-small abelian
groups of finite torsion-free rank. Some of our results generalize results previously obtained for torsion-free
finite rank groups by Fuchs, Kravchenko, Loonstra, and Stelzer. In particular, we prove Stelzer’s main
cancellation result for the class of mixed quotient divisible abelian groups.
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1. Introduction
1.1. Abelian groups
All groups are additive and abelian. The torsion-free rank of a group A, denoted r0(A), is the
rank of A/T (A), where T (A) is the maximal torsion subgroup of G. A subgroup A ⊆ B is full
if B/A is a torsion group. In the finite rank case, this is equivalent to r0(A) = r0(B). We write
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copies of A. If A is a group then E(A) denotes the endomorphism ring of A.
Following Arnold and Murley [3], a group A is self-small if Hom(A,−) preserves direct sums
of copies of A, i.e., Hom(A,
⊕
I A) is naturally isomorphic to
⊕
I Hom(A,A). The symbol S
denotes the class of self-small groups G with r0(G) < ∞. The elements of S were described in
[3] and [1]:
Theorem 1.1. Let r0(A) < ∞. Then A ∈ S if and only if every p-component Tp(A) is finite and
Hom(A,T (A)) is a torsion group or, equivalently, if and only if E(A) is countable.
The objects of the category Walk are the abelian groups, while the homomorphism groups are
Hom(A,B)/Hom(A,T (B)). In view of Theorem 1.1, the Walk-endomorphism ring R = R(A)
of a group A ∈ S is E(A)/T (E(A)). Since this ring can be embedded naturally into E[A/T (A)],
we see that R+ has finite (torsion-free) rank whenever A ∈ S .
To simplify our discussion of self-small groups, we introduce the following notation. For every
non-zero integer m, let Tm(A) =⊕p|m Tp(A). Observe that, for a self-small group A, Tm(A) is
a pure bounded subgroup of A. Therefore, it is a direct summand of A, say A = Tm(A)⊕A(m).
Every θ ∈ E(A) can be written as θ =
[
θ1 θ2
0 θ3
]
with respect to this decomposition. We call this
the standard matrix form of θ with respect to the given decomposition.
A particularly interesting class of self-small groups is the class D of quotient divisible groups
which was introduced in [6]: A group G is quotient divisible (qd) if G contains no subgroup of
type Z(p∞) and there exists a finite rank full free subgroup F ⊂ G such that G/F is divisible.
Because r0(G) = r0(F ), qd groups have finite torsion-free rank. Furthermore, the torsion-free
finite rank (tffr) qd groups are precisely the classical quotient divisible groups introduced by
Beaumont and Pierce in 1961 [4]. We also note that it is easy to check that every quotient divisible
group is self-small; that is, D ⊂ S . It follows that if G is qd, then each of its p-torsion subgroups
Tp(G) is finite. Every qd group is isomorphic to G ⊕ Qn, where G is a reduced qd group and
Qn denotes the direct sum of n 0 copies of the rationals Q. To describe reduced qd groups, we
introduce
Definition 1.2. For each prime p, let M(p) be a finitely generated module over the ring of p-adic
integers Z^p . A subgroup G ⊂
∏
p M(p) satisfies the projection condition if there is a full free
subgroup of finite rank F ⊂ G such that, for every p, the natural projection πp(F ) of F into
M(p) generates M(p) as a Z^p- module.
We then obtain
Theorem 1.3. (See [6].) Let G be reduced of finite torsion-free rank. Then G is qd if and only
if there is a pure embedding G ∏p M(p) of G into a product of finitely generated p-adic
modules such that G satisfies the projection condition.
In the setting of this theorem, each M(p) can be identified with the p-adic completion of
G/pωG. Thus,
∏
p M(p) is the Z-adic completion of G. Furthermore, if G is reduced and qd,
then the theorem implies that the first Ulm subgroup of G is zero.
A subclass of D, denoted by G, has intensively been studied over the past ten years. The class
G is the class of self-small mixed groups G such that G/T (G) has finite rank and is divisible.
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characterization of the reduced groups G ∈ G is that G ∼= B ⊕ G0, where B is finite and G0
can be embedded as a pure subgroup into the direct product of its p-torsion subgroups, G0 ∏
p Tp(G0), satisfying the projection condition. (See [1] for details.) Thus, by Theorem 1.3, the
class D of quotient divisible groups encompasses both the classical tffr qd groups and, modulo
finite groups, the groups in G.
Groups in G can conveniently be described by a duality d :QT F →QD. Here T F is the class
of tffr groups and QT F is the category with objects in T F and maps quasi-homomorphisms,
that is HomQT F (A,B) = Q⊗HomZ(A,B). The categoryQD with objects qd groups and maps
quasi-homomorphisms was studied in [6]. Let QL be the full subcategory of QT F with objects
locally free tffr groups. The restriction of d to QL induces a duality between QL and the full
subcategory QG of QD.
In view of the duality, since QT F is a Krull–Schmidt category, so is QD. The indecom-
posables in either the category QD or in the larger quasi-category QS (studied in [5]) are the
groups G such that the quasi-endomorphism ring QE(G) = Q ⊗Z E(G) is local (because it
is an artinian Q-algebra without no proper idempotents). We call these the strongly essentially
indecomposable groups. It is not hard to check that an abelian group G is strongly essentially
indecomposable if and only if, whenever G ⊃ A ⊕ B ⊃ nG for some positive integer n, then
either A or B is finite. The indecomposables in the full subcategory QG ⊂QD coincide with the
essentially indecomposable groups, which are those G ∈ G such that if G = A⊕B then either A
or B is finite.
1.2. Cancellation
We begin our discussion by recalling some definitions and facts related to cancellation. We
say that 1 is in the stable range of a ring R if, whenever f1g1 + f2g2 = 1 holds in R, there
exists h ∈ R such that f1 + f2h = u with u a unit of R. The stable range condition arises in our
discussion in view of the following result of Warfield.
Theorem 1.4. Let S be a ring, M be an S-module, and R = ES(M). Then 1 is in the stable
range of R if and only if M has the 1-substitution property (in the class of S-modules): If N =
M1 ⊕K = M2 ⊕L are internal direct sum decompositions of a module SN with M1 ∼= M2 ∼= M ,
then there exists an S-submodule N ′ N such that N = N ′ ⊕K = N ′ ⊕L.
Therefore, if M has the 1-substitution property, then M has cancellation in the class of S-
modules: If there is an S-module isomorphism M ⊕K ∼= M ⊕L, then K ∼= L. The 1-substitution
property is generally strictly stronger than the cancellation property: 1 is not in the stable range
of Z = EZ(Z) but the abelian group Z has cancellation with respect to all groups [12]. Another
property arising in the context of cancellation is the unit lifting property: A ring R has the unit
lifting property if, for all positive integers n, units in the factor ring R/nR lift to units in the
ring R. The connection with cancellation is demonstrated by the following very general result of
Stelzer.
Theorem 1.5. (See [11].) Let G be a torsion-free finite rank group with no factor isomorphic to
Z (equivalently, Hom(G,Z) = 0). If G has cancellation with respect to the class of tffr groups,
then E(G) has the unit lifting property.
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range of R. Kravchenko obtained the following connection between the cancellation property
and properties of the Walk-endomorphism ring in [10, Lemma 8].
Proposition 1.6. Let A be an abelian group. If 1 is in the stable range of the Walk-endomorphism
ring of A and 1 is in the stable range of E(T (A)) then A has the cancellation property.
The final result of this section lists some basic properties of 1-substitution and cancellation.
We say that X is finitely equivalent to Y if X = X1 ⊕X2, Y = Y1 ⊕ Y2 with X1 ∼= Y1 and X2, Y2
finite.
Lemma 1.7. Let A be an abelian group, and suppose that C is a class of abelian groups.
(a) A has cancellation with respect to C if and only if Ak does for all k > 0.
(b) A has 1-substitution if and only if Ak does for all k > 0.
(c) If A has 1-substitution and, for some k > 0, Ak = B ⊕C, then B and C have 1-substitution.
(d) If X is finitely equivalent to Y , then X has 1-substitution if and only if Y does.
Proof. All of these claims are easy to check directly. Part (b) is in [13], and part (c) is in [7]. 
2. 1 in the stable range of E(A)
This section addresses the question: When is 1 in the stable range of E(A) in case that A
is a self-small mixed group? To simplify matters, E = E(A) will always be the endomorphism
ring, tE = T [E(A)] will be the torsion ideal of this ring, and R ∼= E/tE will be the Walk-
endomorphism ring of the self-small group A under discussion. For f ∈ E, let f¯ = [f + tE] ∈ R.
Finally, we write 1 ∈ sr(E) [resp. R] for “1 is in the stable range of E” [resp. R].
Theorem 2.1. Let A be a self-small group. Then, 1 ∈ sr(E) if and only if 1 ∈ sr(R).
Proof. Suppose that 1 ∈ sr(E). Let f1, f2, g1, g2 ∈ E be such that f¯1g¯1 + f¯2g¯2 = 1¯. We have
f1g1 + f2g2 − 1 ∈ T (E). It follows that there exists an integer m with (f1g1 + f2g2 − 1)(A) ⊆
Tm(A). Write A = Tm(A)⊕A(m). Using the matrix notation with respect to this decomposition,
define new endomorphisms:
f ′1 =
[1Tm 0
0 f13
]
, g′1 =
[1Tm 0
0 g13
]
, f ′2 =
[0 0
0 f23
]
, g′2 =
[0 0
0 g23
]
.
Here 1Tm is the identity map on Tm = Tm(A). Since we adhere to the standard matrix form of
maps with respect to the given decomposition, for example f13 = πf1π , where π :A → A(m)
is the projection induced by the decomposition. It is easy to check that f ′1g′1 + f ′2g′2 = 1A. By
assumption, there exists h ∈ E such that f ′1 +f ′2h is a unit of E. Then, since f¯ ′1 = f¯1 and f¯ ′2 = f¯2,
it follows that f¯1 + f¯2h¯ is a unit of R = E/tE, as desired.
Conversely, suppose that 1 ∈ sr(R) and let f1, g1, f2, g2 ∈ E be such that f1g1 + f2g2 = 1A.
Then f¯1g¯1 + f¯2g¯2 = 1¯, so that there exists h ∈ E with f¯1 + f¯2h¯ a unit in R. It follows that there
exist l ∈ E and an integer m = 0 such that (l(f1 + f2h) − 1A)(A) ⊆ Tm(A) and ((f1 + f2h)l −
428 U. Albrecht et al. / Journal of Algebra 317 (2007) 424–4341A)(A) ⊆ Tm(A). In view of the first inclusion, employing the previously defined matrix form
with respect to A = Tm(A)⊕A(m) yields[
l1 l2
0 l3
]([
f11 f12
0 f13
]
+
[
f21 f22
0 f23
][
h1 h2
0 h3
])
−
[1Tm 0
0 1A(m)
]
=
[∗ ∗
0 0
]
where the symbol ∗ indicates that the exact form of this entry is irrelevant to our argument.
Computing the lower right hand corners of the matrices above yields the equality l3(f13 +
f23h3) = 1A(m). Similarly, starting with the second inclusion, we obtain (f13 +f23h3)l3 = 1A(m).
Hence, f13 + f23h3 = u, a unit in E(A(m)).
Returning to the original hypothesis that f1g1 + f2g2 = 1A and employing our matrix form,
we see that f11g11 +f21g21 = 1Tm . Since the finite ring E(Tm) has 1 in its stable range, it follows
that there exists k ∈ E(Tm) such that f11 + f21k = v is a unit in E(Tm). Then,[
f11 f12
0 f13
]
+
[
f21 f22
0 f23
][
k 0
0 h3
]
=
[
v ∗
0 u
]
,
is a unit of E. 
Examining the proof of [2, Corollary 8.5], we observe that the result actually is valid for finite
rank torsion free rings. Restating in our setting, we obtain
Theorem 2.2. Let S be a finite rank torsion free ring such that QS is a local ring. Then 1 is in
the stable range of S if and only if S satisfies the unit lifting property.
Combining Theorems 2.1 and 2.2 yields the following generalization of [2, Corollary 8.5]:
Theorem 2.3. If A ∈ S is strongly essentially indecomposable, then 1 is in the stable range of
E = E(A) if and only if R = E/tE satisfies the unit lifting property.
A corollary is of special interest.
Corollary 2.4. Let A ∈ S be a group such that A/T (A) is p-divisible for almost all primes p.
Then 1 ∈ sr(E(A)).
Proof. It is not hard to check that, in this case, R = E/tE is p-divisible for almost all primes p.
Therefore R is a semi-local ring by [14, Lemma 3] and it follows that 1 ∈ sr(R). By Theorem
2.1, 1 ∈ sr(E). 
In particular, every group in G has the 1-substitution property.
Example 2.5. Let d :QT F → QD be the duality mentioned in the introduction. Consider the
subgroup A of Q generated by {1/p: p a prime}. Since A is indecomposable in QT F, its
corresponding dual object dA is indecomposable in QD. Moreover, A is locally free so that
dA ∈ G. By the previous corollary, 1 ∈ srE(dA). But 1 is not in the stable range of E(A) ∼=
Z. Thus, the unit lifting property is too delicate to be preserved under the quasi-isomorphism
duality d . A similar observation was made by Stelzer in [11].
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is a pure embedding A 
∏
p M(p). Let S = {p: M(p) = 0} and S0 = {p: Tp(A) = 0}. By
Theorem 1.3, our rank one qd group A can be regarded as a pure subgroup A 
∏
p∈S Z^pap
generated by an element of infinite order a = (ap)p∈S and the torsion subgroup T (A) =⊕
p∈S0 Z
^
pap . For p ∈ S0, we have M(p) = Z^pap = Z(pkp )ap; for p ∈ S1 = S\S0, we ob-
tain M(p) = Z^pap ∼= Z^p. Thus, we can regard E as a pure subring of the ring direct product∏
p∈S0 Z/p
kpZ ×∏p∈S1 Z^p with torsion ideal tE =⊕p∈S0 Z/pkpZ. (Here we use Z^p both for
the ring of p-adic integers and for its additive group.) It is easy to check that, in this situation,
the factor ring R = E/tE will be isomorphic to ZS1 , the ring of integers localized at the set S1.
Hence, we have
Corollary 2.6. Let A ∈D have rank one. Then, 1 ∈ sr(E) if and only if 1 ∈ sr(ZS1).
Unfortunately, the condition 1 ∈ srZS1 is a complicated one. In particular, [2, Example 8.3]
produces examples of sets of primes U1,U2, such that both U1,U2 and their complements are
infinite, but 1 ∈ srZU1 and 1 /∈ srZU2 .
3. The cancellation property
The goal of this section is to obtain a qd theorem along the lines of the following tffr theorem
of Stelzer [11] which generalized an earlier rank-one result by Fuchs and Loonstra ([8] or [2,
Theorem 8.12]).
Theorem 3.1 (Stelzer). Let A be tffr and strongly indecomposable. Then A has cancellation
(either with respect to all abelian groups or with respect to the class T F ) if and only if either
A ∼= Z or 1 ∈ srE(A).
We begin our discussion with the following
Lemma 3.2. Let A be a self-small group of finite torsion free rank and let B be a torsion-free
group. Suppose that n is a positive integer such that A[n] = 0 and r ∈ R is such that r ′ = r +nR
is a unit in R/nR. Further suppose that a1, . . . , ak ∈ A, b1, . . . , bk ∈ B are elements such that
hBp (bi) = 0 for all primes p | n and all i ∈ {1, . . . , k}. Then there exists an endomorphism f of A
with f¯ = r such that A ⊕ M1 ∼= A ⊕ M2, where M1 = 〈A ⊕ B, (a1, b1)/n, . . . , (ak, bk)/n〉 and
M2 = 〈A⊕B, (f a1, b1)/n, . . . , (f ak, bk)/n〉.
Proof. Since r + nR is a unit in R/nR, there exist c, d, e ∈ R with cr − nd = 1 = rc − ne. If
f,g,h, l ∈ E(A) are such that f¯ = r , g¯ = c, h¯ = d , l¯ = e then there exists an integer m such that
(gf −nh−1A)(A) ⊆ Tm(A) and (fg−nl−1A)(A) ⊆ Tm(A). Write A = Tm(A)⊕A(m). Since
A[n] = 0, the elements of Tm(A) are divisible by n. Thus, we can assume a1, . . . , ak ∈ A(m)
without changing M1 or M2.
Say
f =
[
f1 f2
]
, g =
[
g1 g2
]
, h =
[
h1 h2
]
and l =
[
l1 l2
]
0 f3 0 g3 0 h3 0 l3
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f3g3 − nh3 = g3f3 − nl3 = 1A(m).
Hence, considering
f ′ =
[1Tm(A) 0
0 f3
]
, g′ =
[1Tm(A) 0
0 g3
]
, h′ =
[0 0
0 h3
]
and l′ =
[0 0
0 l3
]
as endomorphisms of A, we have:
f ′g′ − nh′ = g′f ′ − nl′ = 1A.
Left multiplication by the matrix
L =
⎡
⎣g
′ n 0
h′ f ′ 0
0 0 1
⎤
⎦
provides an automorphism φ of A⊕A⊕B. To see this we observe that
⎡
⎣g
′ n 0
h′ f ′ 0
0 0 1
⎤
⎦
⎡
⎣ f
′ −n 0
−l′ g′ 0
0 0 1
⎤
⎦=
⎡
⎣1 0 0∗ 1 0
0 0 1
⎤
⎦ ,
so
⎡
⎣g
′ n 0
h′ f ′ 0
0 0 1
⎤
⎦
⎡
⎣ f
′ −n 0
−l′ g′ 0
0 0 1
⎤
⎦
⎡
⎣ 1 0 0−∗ 1 0
0 0 1
⎤
⎦=
⎡
⎣1 0 00 1 0
0 0 1
⎤
⎦ ,
so L is right invertible. In the same way, multiplying on the left side with the matrix
⎡
⎣ f
′ −n 0
−l′ g′ 0
0 0 1
⎤
⎦
we deduce that L is left invertible, hence it is invertible.
In the natural way, regard
A⊕A⊕B A⊕M1,A⊕M2 Q(A)⊕Q(A)⊕Q(B),
where Q(X) denotes the divisible hull of X. Since φ is an isomorphism of A⊕A⊕B it can be
extended to an automorphism φ of Q(A)⊕Q(A)⊕Q(B). Moreover, since A[n] = B[n] = 0 we
can view 1 (A⊕A⊕B) as a subgroup of Q(A)⊕Q(A)⊕Q(B).n
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to note that
⎡
⎣g
′ n 0
h′ f ′ 0
0 0 1
⎤
⎦
⎡
⎣ 0ai
bi
⎤
⎦=
⎡
⎣ naif ′ai
bi
⎤
⎦=
⎡
⎣ naif3ai
bi
⎤
⎦
for all i. Since A[n] = 0 and B is torsion free, φ maps the element [0, (ai, bi)/n] ∈ A ⊕ M1 to
the element [ai, (f ai, bi)/n] ∈ A⊕M2. 
For a torsion-free group B of finite rank, let Lp(B) denote the divisible part of Z^p ⊗B .
Proposition 3.3. Let A be a reduced qd group of torsion-free rank n which has no direct summand
isomorphic to Z. Then, there exist uncountably many quasi-isomorphism classes of torsion-free
rank n + 1 groups B such that E(B) ∼= Z and such that Hom(A,B) = 0 and Hom(B,A) is a
torsion group.
Proof. The groups B will be those constructed in [9, Lemma 4.1]. For the reader’s convenience,
we review the construction. For each prime p, let λ(p)1 , . . . , λ
(p)
n be p-adic integer units alge-
braically independent over the rationals. Following Beaumont and Pierce [4], we construct
n+1⊕
i=1
Zei ⊆ B ⊆
n+1⊕
i=1
Qei ⊆
n+1⊕
i=1
Q^pei,
up to quasi-equality, by specifying
Lp(B) =
n+1∑
i=2
Q^p
(
e1 + λ(p)i ei
)
for each prime p.
These groups B have the following properties: (1) For each prime p,B is p-reduced and
has p-rank one. Thus, every proper torsion-free factor of B is divisible. (2) Every pure rank-1
subgroup of B is isomorphic to Z. (3) QE(B) ∼= Q. (4) E(B) = Z follows from (2) and (3). See
[9] for details.
We next show (5) Hom(B,A) is a torsion group. Recall that since B is qd, the torsion subgroup
of Hom(B,A) coincides with Hom(B,T (A)). Let θ be an element of Hom(B,A). Since the rank
of B is n + 1 > n = r0(A), there is a nonzero element x in the kernel of θ . Let X be the cyclic
subgroup of B generated by x and X∗ be the purification of X. By (2) above, X∗/X is finite.
Thus, B/X ∼= B/X∗⊕X∗/X. Note that B/X∗ is torsion-free divisible by (1). Since A is reduced,
θ(B) = θ ′(B/X) = θ ′(X∗/X), is finite, where θ ′ is naturally induced by θ . Hence, θ is a torsion
element of Hom(B,A) and the proof of (5) is complete.
To complete the proof, we show that we can choose B satisfying a final requirement:
(6) Hom(A,B) = 0. Suppose 0 = ψ :A → B for one of our uncountably many groups B con-
structed so far. Since B is torsion-free, ψ(T (A)) = 0. Thus, the kernel K of ψ contains T (A). It
follows that we may regard ψ as a factor map A → A/K followed by an embedding A/K → B ,
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summand.
We employ the Beaumont–Pierce invariants to finish the proof. For at least one prime p,
we must have Lp(A/K) nonzero. Otherwise, since A/K is qd, we would have A/K free. The
embedding A/K → B corresponds to an m × (n + 1) rational matrix M . The matrix M acts
naturally to map Z^p ⊗ A/K into Z^p ⊗ B . Under this map, Lp(A/K) embeds into Lp(B). But
there are only countably many rational matrices M as above, and uncountably many distinct
choices for Lp(B). Thus, we can choose B (from our groups constructed so far) so that no
nontrivial homomorphism ψ :A → B is possible. The group B will satisfy (1)–(5), along with
(6) Hom(A,B) = 0, as desired. 
Theorem 3.4. Let A be a reduced strongly essentially indecomposable qd-group. Then, A has
the cancellation property (with respect to the class of qd-groups) if and only if 1 ∈ sr(R) or
A ∼= Z ⊕B with B a finite group.
Proof. We have already remarked that 1 ∈ sr(R) implies that 1 ∈ sr(E), and that this latter con-
dition implies that A has the 1-substitution property. Since Z satisfies the cancellation property
with respect to all groups, Lemma 1.7 (d) implies that so does Z ⊕B.
For the other direction, consider a strongly indecomposable qd-group A which is not isomor-
phic to Z ⊕ B as above, and such that 1 is not in the stable range of R. Thus, by Theorem 2.3,
R does not have the unit lifting property. There is a smallest positive integer n such that units of
R/nR do not lift to units of R. Choose a decomposition A = Tn(A) ⊕ A(n). Since A and A(n)
are Walk-isomorphic, R is isomorphic to the Walk-endomorphism ring of A(n). Thus, without
loss of generality, we can assume A = A(n) and A[n] = 0.
To show that cancellation fails for A, we construct non-isomorphic groups M1 and M2 such
that A⊕M1 ∼= A⊕M2. Since A[n] = 0, we have pA = A for a prime p|n if and only if pR = R.
Using the minimality of n we obtain that pA = A and pR = R for all p|n.
Let a1, . . . , ak be such that a1 + nA, . . . , ak + nA is a minimal set of generators for
A/nA. Let A = {ai | i = 1, . . . , k} ∪ {ai + aj | i, j = 1, . . . , k, i = j} and we write A =
{a1, . . . , ak, ak+1, . . . , as}.
Select r ∈ R such that r ′ = r + nR is a unit of R/nR, but r − u /∈ nR for all units u of R.
Take f ∈ E with f = r . Since A[n] = 0 we have tE ⊆ nE, so nR = nE/tE. There is a natural
ring isomorphism E/nE ∼= R/nR. This shows that f + nE is a unit in E/nE.
Since Proposition 3.3 applies to A, there are a torsion-free qd-groups B1, . . . ,Bs, s = |A|,
with E(Bi) ∼= Z and Bi/nBi ∼= Z(n) such that Hom(A,Bi) = 0 and Hom(Bi,A) is torsion.
Additionally, just as in the final paragraph of the proof of Proposition 3.3, we can choose the
Lp(Bi) to make Hom(Bi,Bj ) = 0 whenever i = j . Select a set of generators bi +nBi for Bi/nBi
for i = 1, . . . , s. Let B =⊕si=1 Bi . Inside the group (n−1A⊕ n−1B), construct
M1 =
〈
A⊕B, (a1, b1)
n
, . . . ,
(as, bs)
n
〉
and
M2 =
〈
A⊕B, (f (a1), b1) , . . . , (f (as), bs)
〉
.n n
U. Albrecht et al. / Journal of Algebra 317 (2007) 424–434 433By Lemma 3.2, A⊕M1 ∼= A⊕M2. We will show that M1,M2 are non-isomorphic, thus estab-
lishing that A does not have cancellation.
Suppose that θ : M1 → M2 is an isomorphism. Let πA :A⊕B → A and πB :A⊕B → B be
the projections. View nθ :A⊕B → A⊕B . From Hom(A,B) = 0, one obtains nθ(A) ⊆ A.
For a ∈ A, write θ(a,0) = (a′, b) +∑si=1 in (f (ai), bi) for some 0 i < n. Then, nθ(a) =
(na′+∑si=1 if (ai), nb+∑si=1 ibi), and we obtain nb+∑si=1 ibi = 0. Then∑si=1 ibi ∈ nB
which is possible if and only if i = 0 for all i. Since B is torsion-free, b = 0, and θ(A) ⊆ A. By
symmetry, θ−1(A) ⊆ A, and v = θ|A is a unit of E.
Turning to θ|B , let us observe that θ(nB) ⊆ A ⊕ B , so in order to prove θ(B) ⊆ A ⊕ B it is
enough to prove that θ(bi) ∈ A⊕B for all i ∈ {1, . . . , s}. We present the proof for i = 1.
Suppose that θ(0, b1) = (a0, b)+∑si=1 in (f (ai), bi) with 0 i < n for all i. Since πB(nθ|B)
is as an endomorphism of B and E(B) ∼= Zs , there exists an integer t such that nb+∑si=1 ibi =
tb1 and this implies that i = 0 for all i  2. Then θ(0, b1) = (a0, b) + 1n (f (a1), b1). Since
θ(a1) ∈ A we obtain that θ(a1, b1) = (a, b) + 1n (f (a1), b1) for some a ∈ A, b ∈ B and 0 
1 < n. But (a1, b1) ∈ nM1 and this implies (a, b) + 1n (f (a1), b1) ∈ nM2 ⊆ A ⊕ B . Therefore,
multiplying by n we obtain nb + 1b1 ∈ nB which is possible only if 1 = 0, hence θ(0, b1) ∈
A⊕B .
Therefore, θ(A ⊕ B) ⊆ A ⊕ B . By a symmetric argument using θ−1, we must have
θ−1(A⊕B) ⊆ A⊕B . It follows that θ|A⊕B is an automorphism of A⊕B . Since Hom(A,B) =
0 and E(B) ∼= Zs , there exists v an automorphism of A and a map u :B → A such that
θ(x, y) = (v(x) + u(y), 	y) for all (x, y) ∈ A ⊕ B , where 	 is an automorphism of B , hence
	 = (	1, . . . , 	s) ∈ {±1}s .
Let j ∈ {1, . . . , s}. One has θ(aj , bj ) = (v(aj ) + u(bj ), 	j bj ) ∈ nM2 since (aj , bj ) ∈ nM1.
Using u(bj ) ∈ T (A) and A[n] = 0, we obtain n|(u(bj ),0). It follows that n divides (v(aj ), 	j bj )
in M2. Hence,
(
v(aj ), 	j bj
)= n
[
(a, b)+
s∑
i=1
i
n
(
f (ai), bi
)]
.
Arguing as in the last paragraph, using (v(aj ), 	j bj ) = n[(a, b) + jn (f (aj ), bj )], we obtain
v(aj ) = na + jf (aj ), hence jf (aj ) − v(aj ) ∈ nA. On the other hand, looking at the second
coordinate, we have jbj + 	jbj ∈ nB . Since each group Bj is torsion-free it follows that each
j is congruent to ±1 modulo n. Therefore f (aj )± v(aj ) ∈ nA for all j = 1, . . . , s.
Suppose that there exist i, j ∈ {1, . . . , k} such that 	i = 	j . We can suppose that f (ai) −
v(ai) ∈ nA and f (aj ) + v(aj ) ∈ nA. Then f (ai + aj ) − v(ai − aj ) ∈ nA and f (ai − aj ) −
v(ai + aj ) ∈ nA. Since ai + aj ∈A, we have f (ai + aj )± v(ai + aj ) ∈ nA, hence v(2ai) ∈ nA
or f (2ai) ∈ nA. In each case we obtain f (aj ) + v(aj ) ∈ nA. Therefore, in this case we have
f (aj ) + v(aj ) ∈ nA for all j ∈ {1, . . . , k}. Let a ∈ A \ nA. Then a = ∑nj=1 jaj + na′ and
it follows that (f + v)(a) ∈ nA. Therefore (f + v)(A) ⊆ nA. Since A[n] = 0 we can define an
endomorphism g of A by g(a) is the unique solution for the equation nx = (f +v)(a). Therefore
ng = f + v and this contradicts our initial assumption.
When f (aj )−v(aj ) ∈ nA for all j ∈ {1, . . . , k} we conclude in a similar way that f −v ∈ nE
and the proof is complete. 
We can obtain a generalization of Fuchs and Loonstra’s cancellation result for rank one tffr
groups. First we need a variation of Proposition 3.3.
434 U. Albrecht et al. / Journal of Algebra 317 (2007) 424–434Proposition 3.5. Let A be a reduced self-small group of torsion-free rank 1 such that A is not
isomorphic to Z ⊕ T with T a finite group. Then there exists a rank two torsion-free group B
such that: (1) E(B) ∼= Z, (2) Hom(A,B) = 0, and (3) Hom(B,A) is a torsion group.
Proof. Let A be as above. We consider two cases. (I) If T = T (A) is finite, then A = X⊕T with
X torsion-free rank one. By assumption, we have typeZ < typeX < typeQ. As in Proposition
3.3, we construct a rank two B such that (a) E(B) ∼= Z, (b) every rank one subgroup of B is
isomorphic to Z, and (3) every rank one factor of B is isomorphic to Q. Then (2) and (3) follow
from (b) and (c), respectively.
(II) If T is infinite, let a ∈ A be an element of infinite order and put F = Za. We have
A/F = D ⊕ Y with D divisible and Y reduced. Note that we must have D = 0. This follows
since A/F contains the infinite torsion group [T (A) + F ]/F . If D = 0, the torsion group A/F
would have infinitely many finite p-cyclic summands such that Tp(A) = 0. But then it would be
easy to construct a map of the form A → A/F →⊕∞i=1 Ai with infinite support, contradicting
our assumption that A is self-small. Let F  C  A be such that C/F = D. Then C is a non-
free quotient divisible group of torsion-free rank 1. So Proposition 3.3 applies to C. Let B be the
rank two torsion-free group constructed via Proposition 3.3 such that E(B) ∼= Z,Hom(B,C) is
torsion, and Hom(C,B) = 0. Arguing exactly as in the proof of Proposition 3.3, we obtain that
Hom(B,A) is torsion. Since A/C is torsion, B is torsion-free, and Hom(C,B) = 0, it follows
that Hom(A,B) = 0. The proof is complete. 
Corollary 3.6. A self-small reduced group A of torsion free rank 1 has the cancellation property
if and only if A ∼= Z ⊕ T with T a finite group, or 1 ∈ sr(R).
Proof. The ingredients for the proof of Theorem 3.4 all hold for self-small groups, except for
Proposition 3.3. For Proposition 3.3, we needed to assume that our group was qd. But, if A is of
torsion-free rank 1, we can use Proposition 3.5. 
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